Dynamical approximation and kernels of nonescaping-hyperbolic components by Mihaljevic-Brandt, Helena
ar
X
iv
:0
91
0.
07
43
v1
  [
ma
th.
DS
]  
5 O
ct 
20
09
DYNAMICAL APPROXIMATION AND KERNELS OF
NONESCAPING-HYPERBOLIC COMPONENTS
HELENA MIHALJEVI-BRANDT
Abstrat. Let Fn be families of entire funtions, holomorphially parametrized by a
omplex manifoldM . We onsider those parameters inM that orrespond to nonesaping-
hyperboli funtions, i.e., those maps f ∈ Fn for whih the postsingular set P (f) is a
ompat subset of the Fatou set F(f) of f . We prove that if Fn → F∞ in the sense of a
ertain dynamially sensible metri, then every nonesaping-hyperboli omponent in the
parameter spae of F∞ is a kernel of a sequene of nonesaping-hyperboli omponents
in the parameter spaes of Fn. Parameters belonging to suh a kernel do not always
orrespond to hyperboli funtions in F∞. Nevertheless, we show that these funtions
must be J-stable. Using quasionformal equivalenes, we are able to onstrut many
examples of families to whih our results an be applied.
1. Introdution
Let Hol∗(C) be the spae of all entire funtions that are not onstant or linear. A map
f ∈ Hol∗(C) is said to be nonesaping-hyperboli if its postsingular set P (f) is a ompat
subset of the Fatou set F(f). (Basi denitions and notations are revised in Setion
2.) We want to understand how nonesaping-hyperboli maps behave under ertain small
perturbations. It is known that within the spae of all polynomials or the spae of all
transendental entire maps with nitely many singular values, (nonesaping-)hyperboli
funtions exhibit partiularly simple and stable dynamis [17, 7℄.
The spae Hol∗(C) is naturally equipped with the topology of loally uniform onver-
gene. However, this topology is not onvenient for our dynamial onsiderations sine
maps that are nearby in the orresponding metri often have ompletely dierent dynam-
is (see e.g. Example 2). We introdue a new metri χdyn on Hol
∗(C) whih is dynamially
more sensible: two entire maps are lose with respet to χdyn if their loally uniform
distane and the Hausdor distane between their sets of singular values is small.
There are ertainly many examples of entire maps that onverge in the metri χdyn to
a map in Hol∗(C); the probably most prominent is the approximation of the exponential
map E(z) = ez by the polynomials Pn(z) = (1 + z/n)
n
. In the artile [4℄, Devaney,
Goldberg and Hubbard investigated the relationship between the families Eλ(z) = λ e
z
and Pn,λ(z) = λ (1 + z/n)
n
. The result was a nie onnetion between the respetive
parameter spaes: the authors proved pointwise onvergene of nonesaping-hyperboli
omponents (i.e. onneted omponents of the set of those λ ∈ C for whih Eλ or Pd,λ,
respetively, is nonesaping-hyperboli) as well as onvergene of ertain external rays to
urves alled hairs in exponential parameter spae (see also [5℄). One an say that this
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point of view has provided an important oneptional basis for muh subsequent work on
the exponential family.
In this artile, we embed the underlying approximation idea into a general setup. More
preisely, let M be a omplex manifold and let χM ′ be a metri on M
′
:= (N∪ {∞})×M .
Let Hol∗b(C) denote the set of all maps in Hol
∗(C) with bounded sets of singular values.
Our main result is the following.
Theorem 1.1. For every n ∈ N ∪ {∞} let Fn = {fn,λ} ⊂ Hol∗b(C) be a family of entire
funtions that depend holomorphially on λ ∈ M . Assume that for every n, the singular
values of all maps in Fn are holomorphially parametrized by M , and that F : M
′ →
Hol∗b(C), (n, λ) 7→ fn,λ is ontinuous with respet to the metris χM ′ and χdyn.
If H˜ is a kernel of a sequene of hyperboli omponents of Fn, then exatly one of the
following statements holds:
(i) The map fλ ∈ F∞ is not hyperboli for any λ ∈ H˜.
(ii) There is a hyperboli omponent H∞ of F∞ suh that H˜ = H∞.
Remark. Our result is a natural generalization of a theorem by Krauskopf and Kriete,
who onsidered holomorphi families Fn = {fλ : λ ∈ C}, n ∈ N ∪ {∞}, of entire maps
for whih the sets of singular values are holomorphially parametrized and for whih there
exists an integer N with |S(fn,λ)| = N < ∞ for all n ∈ N ∪ {∞} and all λ ∈ C. They
proved the same onlusions as in Theorem 1.1, provided that Fn → F∞ uniformly on
ompat subsets of C× C [13℄. Our proof of the above Theorem follows the same idea as
in [13℄.
The rst ase in Theorem 1.1 does indeed our; an example is given in Setion 3.
Nevertheless, parameters that belong to a kernel dene maps whih exhibit ertain stability.
Under the same assumptions (and notations) as in Theorem 1.1 we prove the following
result.
Theorem 1.2. Let λ belong to a kernel H˜. Then fλ ∈ F∞ is a J-stable funtion.
We dene J-stability analogously to the lassial denition for rational maps (see De-
nition 3.4).
Given an entire funtion f together with a sequene of entire maps fn for whih χdyn(fn, f)→
0 when n→∞, there is a natural way  using quasionformal equivalene lasses  to on-
strut suitable holomorphi families Fn ∋ fn that satisfy the assumptions of Theorem
1.1. For a lot of expliit funtions, inluding many examples that have been of partiular
dynamial interest in the last deades, non-trivial approximations in the sense of χdyn are
known. However, for an arbitrary (transendental) entire map there seems to be no general
onept of how to establish a non-trivial sequene of maps fn suh that χdyn(fn, f) → 0.
This leaves open an interesting funtion-theoreti question.
Struture of the artile. In Setion 2 we introdue basi denitions, notations and
preliminary onepts. Setion 3 addresses the proofs of Theorems 1.1 and 1.2. In the nal
part, we disuss examples to whih our results an be applied.
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2. Preliminary onstrutions
We denote the omplex plane by C and the Riemann sphere by Ĉ := C ∪ {∞}. For a
subset V of a metri spae M we denote the ε-neighbourhood of V by Uε(V ). We will
write A ⋐ B if A is a relatively ompat subset of B, i.e., if A is ompat and ontained in
B. If not stated dierently, the boundary ∂A and the losure A of a set A ⊂ C is always
understood to be taken relative to the omplex plane. Throughout this artile, we will
mainly onsider nononstant, nonlinear entire funtions f : C→ C, hene f will either be
a polynomial of degree ≥ 2 or a transendental entire map. Reall that the spae of all
suh maps is denoted by Hol∗(C).
We denote by C(f) := {w ∈ C : ∃z : f ′(z) = 0 and f(z) = w} the set of all ritial
values and by A(f) the set of all (nite) asymptoti values of f . Reall that a point w ∈ C
is an asymptoti value of f if there is a path to∞ along whih f onverges to w. Note that
a polynomial has no asymptoti values. The set S(f) of singular values of f is dened to
be the smallest losed set in C suh that f : C\f−1(S(f))→ C\S(f) is a overing map. It
is well-known that S(f) an be written as S(f) = C(f) ∪A(f) (see e.g. [9, Lemma 1.1℄).
We dene
Hol∗b(C) := {f ∈ Hol∗(C) : S(f) is bounded}
to be the set of all nononstant, nonlinear entire maps with bounded singular sets. Finally,
we denote the postsingular set of f by P (f) :=
⋃
n≥0 f
n(S(f)).
Let w ∈ C be a periodi point of f of period k, that is, fk(w) = w and k > 0 is
minimal with this property. The set O(w) := {w, f(w), ..., fk−1(w)} is alled the (forward)
orbit or yle of w. The multiplier µ(w) of w is dened as µ(w) := (fk)
′
(w). We all w
attrating if |µ(w)| < 1, repelling if |µ(w)| > 1 and indierent if |µ(w)| = 1. An attrating
periodi point w with µ(w) = 0 is alled superattrating. If w is a periodi point then
µ(f i(w)) = µ(w) for all i, hene we an extend the lassiation of w to the whole yle
O(w) and speak of the multiplier of the yle et.
If O is an attrating periodi yle of f of period n, then the basin of attration or
attrating basin of O is the open set A(O) onsisting of all points z for whih the suessive
iterates fn(z), f 2n(z), . . . onverge to some point of O. If w ∈ O then the omponent A∗(w)
of A(O) that ontains w is alled the immediate basin of attration of w. (The immediate
basin of the yle O is then the union of the immediate basins of the points in O.) We
denote the set of all points that onverge to an attrating yle of f by A(f).
Let f ∈ Hol∗(C). The objets of main dynamial interest related to f are the Fatou set
F(f) of f , dened as the set of all points that have a neighbourhood in whih the iterates
(fn)n∈N form a normal family in the sense of Montel, and its omplement the Julia set
J (f) := C \ F(f) of f .
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Remark. A polynomial f extends naturally to a map f̂ : Ĉ → Ĉ with f̂(∞) = ∞. In
this ase, ∞ is a ritial point and a ritial value of f̂ . However, the dynamially relevant
sets are deliberately hosen to be subsets of the plane (rather than the sphere) sine the
onsideration of the point at∞ does not ontribute to the understanding of the dynamis:
for every transendental entire map, ∞ is an essential singularity, while for a polynomial,
∞ is its only preimage.
The esaping set of f is dened to be
I(f) := {z ∈ C : lim
n→∞
fn(z) =∞}.
A point z ∈ I(f) is alled an esaping point. For a polynomial f (of degree ≥ 2), the
esaping set belongs to F(f), sine the point at ∞ an be onsidered as a superattrating
xed point of the holomorphi extension of f to Ĉ and the esaping set as its basin of
attration. In ontrast, if f ∈ Hol∗b(C) is transendental entire, then the relation J (f) =
I(f) holds [6, p. 344℄.
For more bakground in holomorphi dynamis, we refer to the expository works [1, 18℄.
The lassiation of omponents of the Fatou set of an entire map will be used impliitly
throughout this artile and an be found in [1℄.
Nonesaping-hyperboli maps. Let us start with the denitions of hyperboli and
nonesaping-hyperboli funtions.
Denition 2.1. A map f ∈ Hol∗(C) is alled hyperboli if S(f) is bounded and P (f) ⊂
F(f). We say that f is nonesaping-hyperboli if P (f) is a bounded subset of F(f).
Clearly, every nonesaping-hyperboli map is also hyperboli. Reall that the set S(f)
is losed by denition, hene if f is hyperboli then S(f) is a ompat subset of F(f).
Similarly for P (f) when f is nonesaping-hyperboli.
The next observation will be used frequently; it follows mainly from lassial results in
holomorphi dynamis but we ould not loalize a referene, hene we inlude a proof for
ompleteness.
Proposition 2.2. Let f ∈ Hol∗(C). Then f is nonesaping-hyperboli if and only if S(f)
is a bounded subset of A(f).
Let f be nonesaping-hyperboli. Then Attr(f) is nite, and if f is transendental entire
then F(f) = A(f) 6= ∅, otherwise F(f) = A(f) ∪ I(f).
Proof. The statement is well-known for polynomials [18, Theorem 19.1℄ hene we an re-
strit to transendental entire maps.
Assume that S(f) is bounded and every w ∈ S(f) onverges to an attrating yle of f .
Then the omponents of A(f) form an open over of S(f) and sine S(f) is ompat, there
is a nite subover. In partiular, it follows that P (f) is a ompat subset of A(f) ⊂ F(f),
hene f is nonesaping-hyperboli.
Now assume that P (f) is a ompat subset of F(f) and let U be a omponent of F(f).
Then the iterates fn(z) do not onverge to∞ for any z ∈ U [7, Theorem 1℄, hene U is not
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a Baker domain. This means that U is either a omponent of an attrating or paraboli
basin, a Siegel disk or a wandering domain [1, Theorem 6℄. Assume that U is a wandering
domain and let z ∈ U . Then fn(z) aumulates at points in J (f) ∩ P (f) [2, Theorem℄
but this set is empty. Hene U is not a wandering domain. For the same reason, U is
not a Siegel disk or a omponent of a paraboli basin (see [1, Theorem 7℄), hene U is a
omponent of a basin of attration of an attrating periodi orbit. Hene F(f) = A(f)
and every singular value onverges under iteration to an attrating periodi orbit.
Now let f be nonesaping-hyperboli. We have shown that only nitely many attrat-
ing yles ontain a singular value in their basins, and sine every attrating yle must
interset S(f) [1, Theorem 7℄, it follows that Attr(f) is nite. 
Note that the proof of Proposition 2.2 implies that for a transendental entire map,
hyperboliity and nonesaping-hyperboliity are equivalent. Furthermore, a polynomial f
is hyperboli but not nonesaping-hyperboli if and only if S(f) ∩ I(f) 6= ∅.
By Denition 2.1, every (nonesaping-)hyperboli transendental entire funtion belongs
to the Eremenko-Lyubih lass
B := {f : C→ C transendental entire : S(f) is bounded}.
Finally, we would like to remark that an entire map for whih every singular value is
absorbed by an attrating yle does not neessarily have dynamis similar to a hyperboli
funtion. The requirement that S(f) is a bounded set is indeed ruial for Proposition
2.2 to hold: As Example D in [12℄ shows, there is a transendental entire map f with
wandering domains for whih all singular values are mapped by f to an attrating xed
point.
Hausdor and kernel onvergene. LetM be a metri spae. Reall that the Hausdor
distane between two ompat sets A,B ⊂M is dened to be
dH(A,B) := inf{ε > 0 : A ⊂ Uε(B), B ⊂ Uε(A)}.
For studying onvergene of open onneted subsets of M we will dene a onept
analogous to the Carathéodory or kernel onvergene for domains in the omplex plane.
For more details, see [8, §5℄.
Denition 2.3 (Kernel). Let o ∈ M and let On ⊂ M , n ∈ N, be open onneted sets
ontaining o. The kernel of the sequene (On) (w.r.t. o) is the largest open onneted set
O ∋ o suh that eah ompat set K ⊂ O is ontained in all but nitely many On.
We all the point o the marked point of the sequene (On). Clearly, the existene of a
kernel is equivalent to the existene of a neighbourhood of o whih is ontained in all but
nitely many On.
We say that the sequene (On) onverges to O (as kernels) and write On → O if O is
a kernel of eah subsequene of (On). The middle example in Figure 1 shows a sequene
that does not onverge to its kernel.
Observe that a sequene (On) an have more than one kernel (see the left-hand example
in Figure 1), and eah of them is speied by the hoie of a marked point. Now let M
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Figure 1. left: The interiors of the urves are simply-onneted do-
mains with three dierent kernels K1, K2 and K3. middle: The domains
Dn := {z : |z| < 2 − rn where n ≡ rn mod 2, rn ∈ {0, 1}} have a
unique kernel D1 but they do not onverge to it. right: The domains
Dn := C\ ({z = iy : |y| ≥ 1/n} ∪ {z : |z − n| ≤ 1}) onverge as kernels to
the left half-plane H<0 w.r.t. the marked point −1 but their omplements
do not onverge to C \H<0 in the Hausdor metri.
be a loally ompat metri spae, e.g., an analyti manifold, and let O be a kernel of On.
Sine, by denition, every kernel is open and sine M is loally ompat, every point in O
has a ompat neighbourhood whih is ontained in O. This means that we an hoose any
point o ∈ O to be the marked point. Hene we will talk about the sets On and O without
mentioning the marked point if it is impliit from the ontext whih point is meant.
We have the following relation between Hausdor and kernel onvergene.
Proposition 2.4. Let Kn, K be nonempty ompat subsets of a loally ompat metri
spae M . Then dH(Kn, K)→ 0 as n→∞ if and only if the following two onditions hold:
• every omponent O of Kc := M\K is a kernel of a sequene of omponents On of
Kcn := M\Kn,
• every kernel of an innite sequene (Onk) of omponents of Kcnk is a omponent of
Kc.
We will omit the proof sine it is elementary and follows mainly from the denitions of
kernel and Hausdor onvergene, and sine we do not require the statement for any proof
in this artile; its purpose is more the illustration of how the given onepts of onvergene
relate to eah other. The right-hand example in Figure 1 shows the neessity of the seond
requirement in Proposition 2.4.
Dynamial approximation. Let Hol(C) be the spae of all entire funtions. We denote
the loally uniform distane between f, g ∈ Hol(C) by χluc(f, g). The metri χluc(f, g)
indues the topology of loally uniform onvergene on Hol(C), so we say that fn onverge
to f loally uniformly if and only if χluc(fn, f) → 0 as n → ∞. (For more details see e.g.
[18, Chapter 3℄.) It follows from the Weierstraÿ Approximation Theorem [18, Theorem
1.4℄ that the spae Hol(C) is losed with respet to this topology.
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For entire maps with a non-empty set of singular values we introdue a new metri whih
ombines loally uniform onvergene with ontrolled behaviour on the set of singular
values. Hene this metri will be more onvenient for the study of dynamis of entire
funtions. Reall that Hol∗(C) denotes the set of all entire funtions whih are not onstant
or linear.
Denition and Proposition 2.5. The map χdyn : Hol
∗(C)→ [0,∞) with
χdyn(f, g) := χluc(f, g) + dH(S(f), S(g))
is a metri, where dH(S(f), S(g)) is measured with respet to the spherial metri.
We will say that the sequene fn approximates f dynamially if χdyn(fn, f) → 0 as
n→∞.
Maps whih are lose in the metri χluc do not neessarily have the property that their
sets of singular values are lose in the Hausdor metri. This does not have to be true even
in the ase of a family of funtions whih depends holomorphially on some parameter λ,
as the following example shows.
Example. Let fλ(z) = e
−λz2+z−2
with λ ∈ C. The map f0(z) = ez−2 has 0 as its only
singular value. Now let λ 6= 0 be any omplex number. Then apart from the asymptoti
value 0, the map fλ has the additional ritial value vλ := e
1/(4λ)−2
. Clearly, vλ → +∞
when λց 0.
It is well-known that if fn is a sequene of entire maps suh that χluc(fn, f) → 0, then
for every w ∈ S(f) there is a sequene {wn : wn ∈ S(fn) for every n} suh that wn → w
(see e.g. [11, Theorem 2℄), yielding lower semi-ontinuity for the sets of singular values
in ase of loally uniform onvergene. Hene onvergene in the metri χdyn makes in
partiular sure that there are no sequenes of singular values of the approximating maps
fn that aumulate outside S(f).
Nonesaping-hyperboliity is not an open property in the topology of loally uniform
onvergene. For instane, let fλ(z) := e
λz ·z2. Then f0(z) = z2 is nonesaping-hyperboli
while for any suiently small λ > 0, the ritial value 4/(e2 λ2) esapes to ∞. However,
the set of nonesaping-hyperboli entire maps is open in the topology indued by the metri
χdyn.
Theorem 2.6 (Nonesaping-hyperboliity is an open property). The set
H := {f ∈ Hol∗(C) : f is nonesaping-hyperboli}
is open in the topology indued by the metri χdyn.
Note that H ⊂ Hol∗b(C). Theorem 2.6 will follow from the following lemma.
Lemma 2.7. Let f ∈ Hol∗(C) and let K ⊂ A(f) be a ompat set. Then K ⊂ A(g) for
all g ∈ Hol∗(C) that are suiently lose to f in the metri χluc.
Proof. The omponents of A(f) form an open over of the ompat set K, hene there is
a nite subover. We an assume w.l.o.g. that K is ontained in the basin of attration
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A(z0) of a xed point z0 ∈ C of f , sine otherwise we an repeat the argument for every
attrating periodi point of f . There exists a bounded open set U ∋ z0 suh that f(U) ⋐ U .
By denition of χluc, g(U) ⋐ U holds for all entire maps g for whih χluc(f, g) is suiently
small. By Montel's Theorem, {gk}k∈N is normal in U and by the Contration Mapping
Theorem, g has a xed point in U whih is neessarily attrating. Sine U is bounded, it
follows that U ⊂ A(g).
There exists N ∈ N suh that fN(K) ⊂ U , so again, by loally uniform onvergene,
gN(K) ⊂ U ⊂ A(g) if χluc(f, g) suiently small. The laim now follows from the omplete
invariane of A(g) under the map g. 
Proof of Theorem 2.6. Let f be nonesaping-hyperboli, hene S(f) is bounded and on-
tained in A(f). Choose δ > 0 suiently small suh that K := Uδ(S(f)) ⊂ A(f). Sine K
is ompat, it follows from Lemma 2.7 that there is a onstant ε > 0 suh that K ⊂ A(g)
for all g with χluc(f, g) < 2ε. Now hoose η = min{ε, δ}. Then for all maps g with
χdyn(f, g) < η we obtain
S(g) ⊂ Uδ(S(f)) ⋐ A(g),
hene g is nonesaping-hyperboli. 
Remark. We have shown that nonesaping-hyperboliity is not an open property in the
topology of loally uniform onvergene. The given example also shows that  in the same
topology  the set of all hyperboli maps in Hol∗(C) is not open either. Now let p be a
hyperboli polynomial for whih a nite singular value esapes to innity. It is plausible
that for any suiently small ε, the neighbourhood Uε(p) = {f ∈ Hol∗(C) : χdyn(f, p) < ε}
of p ontains transendental entire funtions with the same property, i.e., maps for whih
some singular value esapes. Hene it is likely that hyperboliity is not open in the topology
indued by the metri χdyn either.
3. Stability of nonesaping-hyperboli parameters
Reall that our goal is to prove that under ertain onditions, a kernel of a sequene
of nonesaping-hyperboli omponents equals a nonesaping-hyperboli omponent of the
limit family. As we will see, it is not hard to show that every suh omponent of F∞ is
ontained in a kernel of a sequene of nonesaping-hyperboli omponents of Fn. This
statement requires even less restritions than those stated in Theorem 1.1. For the other
inlusion to hold, we have to onstrut a more sensible setup.
Denote by N̂ := N ∪ {∞} the one-point ompatiation of the set of natural numbers.
The metri χbN on N̂ dened by χbN(m,n) := 2
−min(m,n)−1
when m 6= n (and equal zero
otherwise) makes N̂ a omplete metri spae. From now on, we assume thatM is a omplex
manifold with a metri χM and dene M
′
:= N̂×M . The relation χM ′ ((m, λ), (n, ν)) :=
χbN(m,n) + χM ′ (λ, ν) then denes a metri χM ′ on M
′
.
For every n ∈ N̂ let Fn = {fn,λ : C → C, λ ∈ M} ⊂ Hol∗b(C) be a family of funtions
parametrized by M . To simplify the notations, we will skip the rst index entry for maps
in F∞, i.e., we will write fλ for f∞,λ ∈ F∞.
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We want all families Fn, n ∈ N̂, to satisfy the following.
Dynamial standing assumption ('dsa'). The map
F : M
′ → Hol∗b(C), (n, λ) 7→ fn,λ
is ontinuous with respet to the metris χM ′ and χdyn.
The key-feature of 'dsa' is the loal uniformity in λ and n: Let fλ0 ∈ F∞ and let
K ⊂ C be a ompat set. Then for every ε > 0 there exist δ > 0 and n0 ∈ N suh that
|fn,λ(z)− fλ0(z)| < ε for all z ∈ K, λ ∈ Uδ(λ0) and n ≥ n0.
Notations. For every n ∈ N̂ we denote by
H(Fn) := {λ ∈M : fn,λ ∈ Fn is nonesaping-hyperboli}
the parameters orresponding to nonesaping-hyperboli maps in the respetive family. We
will usually denote a omponent of H(Fn) by Hn, a omponent of H(F∞) by H∞ and a
kernel of a sequene Hn by H˜.
Proposition 3.1. Let H∞ be a omponent of H(F∞). Then there exists a kernel H˜ of a
sequene of omponents of H(Fn) suh that H∞ ⊂ H˜.
Proof. Let λ0 ∈ H(F∞). It follows from Theorem 2.6 and the dynamial standing as-
sumption that there exists a neighbourhood U(λ0) ⊂ M suh that U(λ0) ⊂ H(Fn) for all
suiently large n ∈ N. 
To prove the opposite inlusion, we have to make additional restritions. Our require-
ments, that we will assume from now on, are formalized in the following way.
Holomorphi standing assumption ('hsa').
(i) For every n ∈ N̂, the maps fn,λ depend holomorphially on λ ∈M .
(ii) Let n ∈ N and λ0 ∈ M . Then the singular values of fn,λ0 are holomorphially
parametrized byM , i.e., for eah singular value s of fn,λ0 there exists a holomorphi
map wn : M → C, λ 7→ wn(λ) suh that wn(λ0) = s and wn(λ) ∈ S(fn,λ).
Note that the seond ondition of 'hsa' does not imply that a parametrization of S(fn,λ0)
for some λ0 needs to be an exhaustion of the set of singular values for another parameter
λ 6= λ0. A priori, it is possible that S(fn,λ0) = {win(λ0)}i∈I for some index set I but
{win(λ)}i∈I ( S(fn,λ) for some λ 6= λ0.
Also note that we do not assume ondition (ii) to be satised by the maps in F∞. The
reason is that we only need a loal holomorphi parametrization of the sets of singular
values for maps in F∞ and as the next statement shows, this follows from the assumptions
we already made.
Theorem 3.2. Let H˜ be a kernel of a sequene of nonesaping-hyperboli omponents Hn,
U ∋ λ0 a simply-onneted neighbourhood of λ0 with U ⋐ H˜, and let s be a singular value
of fλ0.
Then there exists a holomorphi map w : U → C suh that w(λ) ∈ S(fλ), w(λ0) = s and
the family {fnλ (w(λ))}n∈N is normal in U .
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Proof. Let fλ0 ∈ F∞. By [1, Theorem 5℄ and [18, Theorem 13.1℄, the map fλ0 has innitely
many repelling periodi points (in its Julia set). Let us pik two suh points and denote
them by p(λ0) and q(λ0); let n1 and n2 be their periods. If D is a disk at p(λ0) suh that
p(λ0) is the only periodi point of fλ0 of period ≤ n1 in D, then it follows from 'dsa' and
Rouhé's theorem that there is a neighbourhood U(λ0) of λ0 and an integer n0 ≥ 0 suh
that for every λ ∈ U(λ0) and every n ≥ n0, the map fn,λ has exatly one periodi point
pn(λ) of period n1 in D and no other periodi point of period ≤ n1 in D. By the Cauhy
Integral Formula (after dereasing the initial disk D, if neessary), every suh periodi
point pn(λ) must be repelling. By the Impliit Funtion Theorem, every of these points
an be analytially ontinued as a repelling periodi point of period n1 in a suiently
small neighbourhood. The previous observation then implies that for every suiently
large n ∈ N̂, there exists an analyti funtion pn : U(λ0) → C suh that pn(λ) ∈ D is a
repelling periodi point of fn,λ of period n1. By onstrution, pn(λ)→ p(λ) when n→∞.
We an repeat the same proedure for q(λ0) and obtain holomorphi maps qn : U
′(λ0)→ C.
Let us now assume that λ0 ∈ H˜. Sine H˜ is open, there is a disk B ⊂ H˜ entred
at λ0 suh that the maps pn, qn are dened and holomorphi in B and their images are
repelling periodi points of the orresponding maps (and periods). Let U ⊃ B be a simply-
onneted bounded domain with losure in H˜ . Sine H˜ is a kernel of a sequene Hn of
nonesaping-hyperboli omponents, the ompat set U is ontained in all Hn for n ∈ N
hosen suiently large. Hene, the maps pn and qn (n ∈ N) an be holomorphially
ontinued to all of U , sine otherwise the Impliit Funtion Theorem would imply that for
some λ˜ ∈ U , the map fn,λ˜ has an indierent periodi point.
Let us now onsider the maps Φλ(z) =
z−p(λ)
q(λ)−p(λ)
and Φn,λ(z) =
z−pn(λ)
qn(λ)−pn(λ)
. Conjugating
fλ with Φλ and fn,λ with Φn,λ, we obtain onformal onjugates suh that the points 0 and
1 orrespond to our previously onsidered repelling periodi points. Hene we an assume
that p(λ) = 0, q(λ) = 1 for all λ ∈ B and pn(λ) = 0, qn(λ) = 1 for all λ ∈ U . In partiular,
{0, 1} ⊂ J (fλ),J (fn,λ) and S(fn,λ) ⊂ C\{0, 1}.
for all suiently large integers n ∈ N̂ and the orresponding values of λ.
Let s be a singular value of fλ0 . By 'dsa', there is a sequene of singular values sn of
the maps fn,λ0 that onverges to s. Due to 'hsa', there are holomorphi maps wn suh
that wn(λ0) = sn and wn(λ) ∈ S(fn,λ) for all λ ∈ M . By the previous argument, we
have that wn(U) ⊂ C\{0, 1}, hene, by Montel's theorem, {wn}n∈N is a normal family on
U . Let (wnk) be a onvergent subsequene of (wn), and let w be a limit funtion whih
is neessarily holomorphi. By onstrution we have that w(λ0) = s, and 'dsa' implies
that w(λ) ∈ S(fλ) holds for all λ ∈ U . Hene w is a holomorphi parametrization of the
singular value s on U .
Consider now for a xed ν the family {f νn,λ(wn(λ))}n∈N with λ ∈ U . Sine the Fatou
set of an entire map is ompletely invariant, wn(λ) ∈ F(fn,λ) implies that f νn,λ(wn(λ)) ⊂
F(fn,λ) ⊂ C\{0, 1}. Applying Montel's theorem it follows that for eah ν the above
family is normal in U . For simpliity, denote its limit by Sν : U → Ĉ, λ 7→ Sν(λ) :=
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limn→∞ f
ν
n,λ(wn(λ)). It follows from the loal uniform onvergene of the maps fn and wn
that
Sν(λ) = lim
n→∞
lim
m→∞
f νn,λ(wm(λ)) = lim
n→∞
f νn,λ(w(λ)) = f
ν
λ (w(λ)).
By Hurwitz's theorem, either Sν ⊂ C\{0, 1} or Sν ≡ 0 or 1. Reall that 0 and 1 are
periodi points of fλ, hene if Sν ≡ 0 (resp. 1) then there exists some m ∈ N suh that
Sν+km ≡ 0 (resp. 1) for all k ∈ N. Applying Montel's theorem one more, we obtain that
{Sν}ν∈N is a normal family on U . 
We an now prove the remaining statement whih will then imply Theorem 1.1.
Theorem 3.3. Let H˜ be a kernel of a sequene of omponents of H(Fn). If there is a
omponent H∞ of H(F∞) suh that H˜ ∩H∞ 6= ∅, then H˜ ⊂ H∞.
Proof. We will prove the statement by ontradition, so assume that there exists some
λ0 ∈ H˜ ∩ ∂H∞. With the same notations as in the previous proof, it follows that Sν(B) ⊂
C\{0, 1} for all ν ∈ N, sine B′ := B ∩H∞ 6= ∅ (and hene Sν |B annot be onstant 0 or
1).
For a limit funtion S of Sν we have that either S ≡ c ∈ Ĉ, in whih ase S ≡ ∞, or S
is a non-onstant funtion with S(B) ⊂ C\{0, 1}.
The ase S ≡ ∞ learly annot our sine this would mean that some singular value
onverges to ∞ for all parameters in B but the nonempty subset B′ of B onsists of
nonesaping-hyperboli parameters.
Let Sν(B) ⊂ C\{0, 1}. For all λ ∈ B′ there is a holomorphi map a : B′ → C suh that
a(λ) is an attrating point of fλ whih attrats w(λ). Sine B ⊃ B′ is simply-onneted,
the point a(λ) an then be analytially ontinued to an attrating point on the entire
domain B. The image a(B) is bounded, hene for every λ ∈ B the singular value w(λ) is
attrated by a nite attrating periodi yle of fλ. Sine s = w(λ0) was assumed to be an
arbitrary singular value of fλ0 , we an repeat this proedure for any of the singular values
of fλ0 . Reall that, by assumption, F∞ ⊂ Hol∗b(C), hene the singular sets are bounded.
This implies that B ∋ λ0 is ontained in some nonesaping-hyperboli omponent H∞ of
F∞, ontraditing the assumption that λ0 ∈ H˜ ∩ ∂H∞. 
Without the assumption of dynamial approximation, (whih is part of 'dsa') we annot
expet that a kernel H˜ is always a nonesaping-hyperboli omponent of the family F∞.
It is easy to nd suitable examples. One suh example was given in [14℄: the authors
approximated a holomorphi family of quadrati polynomials by families of polynomials of
degree four, suh that a kernel of a sequene of nonesaping-hyperboli omponents was a
proper subset of some nonesaping-hyperboli omponent of the limit family.
Here we give an example whih respets our standing assumptions, showing that the
ase H˜ ∩H(F∞) = ∅ in Theorem 1.1 does indeed our.
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Example. Let
Pλ,n(z) = z
3 −
(
λ− 1√
µn + λ− 2
+
√
µn + λ− 2
)
z2 + λz, (1)
where λ ∈ C \ [1, 5], |µn| < 1 does not depend on λ and µn → 1 as n → ∞ (for instane
we an hoose µn =
n
n+1
). Note that Pλ,n(z) and Pλ(z) = z
3− 2√λ− 1z2+λz satisfy 'dsa'
and 'hsa'. Every Pλ,n has 0 as a xed point of multiplier λ. Furthermore, there is a seond
xed point an =
√
µn + λ− 2 with multiplier µn. Thus, if we hoose λ ∈ D then every
polynomial Pλ,n is nonesaping-hyperboli. Hene there is a kernel H˜ of omponents of
H(Fn) whih ontains the unit disk D. On the other hand, every Pλ has a paraboli xed
point at a =
√
λ− 1, hene H(F∞) = ∅.
Nevertheless, the behaviour of fλ is still stable in the sense of J-stability for parameters
belonging to a kernel. Here, J-stability is dened analogously to the ase of rational maps
or transendental entire maps with nitely many singular values (see e.g. [7℄):
Denition 3.4. Let F = {fλ : C → C : λ ∈ M} be a holomorphi family of entire
funtions. A map fλ0 ∈ G is said to be J-stable if J (fλ0) moves holomorphially in a
neighbourhood Λ ⊂M of λ0, i.e., if there is a holomorphi motion
Φ : Λ× J (fλ0)→ C
suh that
Φ(λ,J (fλ0)) = J (fλ) and Φ(λ, fλ0(z)) = fλ(Φ(λ, z))
for all z ∈ J (fλ0) and all λ ∈ Λ.
Φ being a holomorphi motion means that Φ is injetive in z when λ is xed, holomorphi
in λ for xed z and that Φλ0 ≡ id. For more details see [7, Setion 8℄.
The map Φλ is a onjugay between fλ0 and fλ on their Julia sets, hene it maps periodi
points of fλ0 to periodi points of fλ. Sine periodi points form a dense subset of the Julia
set, suh a onjugay is unique if it exists.
Theorem 3.5. Let H˜ be a kernel of a sequene of omponents of H(Fn) and let λ ∈ H˜.
Then fλ ∈ F∞ is J-stable.
Proof. We will prove the ontraposition, so let λ0 be a parameter for whih fλ0 is not J-
stable and let Λ be a simply-onneted bounded neighbourhood of λ0. Then there is some
repelling periodi point, say of period n, of fλ0 whih has no analyti ontinuation as a
solution of the equation fnλ (z) − z = 0. Otherwise, it would follow from the λ-lemma [7℄
that the losure of all repelling points of fλ0 , whih equals the Julia set of fλ0 , would move
holomorphially, ontraditing that fλ0 is not J-stable.
Let p(λ0) be suh a repelling periodi point and let γ : [0, 1]→ Λ, γ(0) = λ0, be a path
along whih p(λ0) annot be ontinued analytially. By the Impliit Mapping Theorem,
the point p(λ) for λ = γ(1) must be indierent. By the Minimum Modulus Priniple we
an then nd a nearby path γ˜ ⊂ Λ onneting λ0 to some parameter λ˜ along whih the
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onsidered point beomes attrating. Hene there is a singular value s(λ˜) of fλ˜ onverging
to the attrating periodi point p(λ˜).
Now let us assume that our assumption is wrong, meaning that λ0 belongs to some
kernel H˜ . We an assume w.l.o.g. that the neighbourhood Λ was hosen suiently small
suh that Λ ⋐ H˜. Then Theorem 3.2 implies that there is a holomorphi parametrization
w of the singular value s(λ˜) suh that {fnλ (w(λ))} is a normal family on Λ. But then
eah w(λ) onverges to an attrating point p(λ) of fλ, in whih ase p(λ) an be ontinued
analytially to an attrating point of fλ on the whole of Λ, ontraditing the fat that
p(λ0) is repelling. 
4. Constrution of examples
As we have seen in the previous setion, a sequene of families to whih our results
apply has to satisfy two primary onditions whih we have formulated as the standing
assumptions 'dsa' and 'hsa'. Hene starting with an entire map f ∈ Hol∗b(C), we an split
the problem into the following two:
(i) Find a sequene fn of entire funtions whih approximates f dynamially.
(ii) Construt holomorphi families {fn,λ} and {fλ} using the funtions fn, f .
We will start with the seond problem. It turns out that there is a natural way to nd
suitable holomorphi families for any entire funtion.
Holomorphi families inside quasionformal equivalene lasses. Reall that M is
a omplex manifold. Let µ be a k-Beltrami oeient of C, i.e., µ : C→ C is a measurable
funtion suh that ‖µ‖∞ ≤ k < 1 almost everywhere (a.e.) in C. By the Integrability
Theorem [15, Theorem 4.4℄, there exists a k-quasionformal homeomorphism Ψ : C → C
whose omplex dilatation equals µ a.e. in C.
Let f ∈ Hol∗b(C) be an entire map. Then the pull-bak f ∗µ of µ by f is given by
f ∗µ(z) := (µ ◦ f)f
′(z)
f ′(z)
.
In partiular, ‖µ‖∞ ≤ k implies that ‖f ∗µ‖∞ ≤ k.
By the Integrability Theorem there exists a quasionformal homeomorphism Φ whose
omplex dilatation equals f ∗µ a.e. in C. A formal omputation yields that the omplex
dilatation of the map g = Ψ ◦ f ◦ Φ−1 is 0 a.e., whih means that g is a holomorphi map
[15, Theorem 1.1℄. We say that g is quasionformally equivalent to f .
Let Λ ⊂M be an open onneted set and let {Ψλ} be a family of quasionformal home-
omorphisms with uniformly bounded omplex dilatations that depend holomorphially on
λ ∈ Λ. The parametrized version of the Integrability Theorem [10, Chapter 4.7℄ gives the
following way to onstrut suh a family, starting from a Beltrami oeient µ0:
Let (µλ)λ∈Λ be a holomorphi family of Beltrami oeients with ‖µλ‖∞ ≤ k < 1 that
ontains µ0, i.e., µ0 ≡ µλ0 for some λ0 ∈ Λ. (One way to embed µ0 in a holomorphi
family of Beltrami oeients is as follows: Let h : Λ → Dr(0) be a holomorphi map,
where r is hosen suh that (1 + r) · ‖µ0‖∞ < 1 and h(λ0) = 0. Then the funtions
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µλ := (1 + h(λ)) · µ0 form a holomorphi family of Beltrami oeients.) For every λ, let
Ψλ be a quasionformal homeomorphism with Beltrami oeient µλ, hosen suh that all
Ψλ have the same parametrization (e.g., all Ψλ x 0, 1 and ∞). Then the Integrability
Theorem implies that λ 7→ Ψλ is also holomorphi.
As in the previous onstrution we obtain a family F∞ = {fλ = Ψλ ◦ f ◦ Φ−1λ }λ∈Λ of
entire maps. By omputing the derivative of the equation Ψλ ◦ f = fλ ◦ Φλ with respet
to λ, we get that the funtions fλ also depend holomorphially on λ (see e.g. the proof
of Proposition 13 in [3℄). Sine an entire funtion f is a overing map when restrited to
C\f−1(S(f)), we obtain that S(fλ) = Ψλ(S(f)), hene the set of singular values moves
holomorphially in the family F∞ in a unique way. Furthermore, S(fλ) is bounded for all
λ sine the maximal dilatations of the quasionformal maps Ψλ are uniformly bounded.
Let (fn) be a sequene of entire funtions whih onverges to f dynamially. In the
same manner as above, we dene for eah n the holomorphi family Fn = {fn,λ = Ψλ ◦
fn ◦ Φ−1n,λ}λ∈Λ by starting with the same family {Ψλ} of quasionformal homeomorphisms.
As before, the set of singular values S(fn,λ) = Ψλ(S(fn)) moves holomorphially. Hene it
remains to show that the map
F : M
′ → Hol∗b(C), (n, λ) 7→ fn,λ
is ontinuous. In other words, let λ0 ∈M and let (n, λ)→ (∞, λ0). We have to show that
in this ase,
χluc(fn,λ, fλ0) + dH(S(fn,λ), S(fλ0))→ 0.
Clearly, dH(S(fn,λ), S(fλ0)) = dH(Ψλ(S(fn)),Ψλ0(S(f)))→ 0 as (n, λ)→ (∞, λ0), sine
Ψλ depends holomorphially (so in partiular ontinuously) on λ and the maps fn approx-
imate f dynamially.
To see that χluc(fn,λ, fλ0)→ 0, we have to look at the sequene of pull-baks
f ∗nµλ = (µλ ◦ fn)
f ′n(z)
f ′n(z)
,
where µλ denotes the omplex dilatation of Ψλ. By assumption, there exists a onstant
k < 1 suh that ‖f ∗nµλ‖∞ < k < 1 for all n. Sine also f ∗nµλ → f ∗µλ0 a.e., it follows that
the (uniquely normalized solutions) Φn,λ onverge loally uniformly to Φλ0 [15, Theorem
4.6℄, yielding the desired statement.
Funtions of sine type. The above onstrution yields many examples of families where
Theorems 3.2 and 3.3 an be applied to, provided that we have a sequene of funtions
approximating f dynamially. There are learly various ways of approximating an entire
funtion loally uniformly but it is a very strong requirement to keep ontrol over the sets
of singular values, sine this set an be arbitrarily ompliated (for instane, it an have
nonempty interior).
For ertain (families of) transendental entire funtions that were and are of partiular
interest in holomorphi dynamis, appropriate approximations are known and were exten-
sively studied. For instane, one an approximate the exponential map by the polynomials
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Pn(z) = (1 + z/n)
n
or the funtion f(z) = sin(z)/z, whih has innitely many singular
values, by the sequene Tn(z)/z, where Tn(z) denotes the Chebyshev polynomial of degree
n.
We want to introdue another set of transendental entire funtions for whih a dynam-
ial approximation exists, namely real sine-type maps with real zeros.
Denition 4.1. A funtion f is said to be of sine type σ if there are positive onstants
c, C, τ suh that
c eσ| Im z| ≤ |f(z)| ≤ C eσ| Im z|,
where the upper estimate holds everywhere in C and the lower estimate holds at least
outside the horizontal strip | Im z| ≤ τ .
Let f be a sine-type funtion and denote by zn the zeros of f . By [16, Leture 17℄ or
([20, Theorem 3℄), the limit
lim
R→∞
∏
|zn|≤R
(
1− z
zn
)
exists uniformly on ompat subsets of C, and it denes an entire funtion alled the
generating funtion of the sequene (zn) whih equals f up to K ·zm where K is a onstant
and m ≥ 0 is an integer [20, Theorem 2℄. By denition, the zeros of f are ontained in a
horizontal strip around the real axis and f has exatly two trats over ∞, eah of whih
ontains some upper and lower halfplane, respetively. It follows from the Ahlfors-Denjoy
Theorem [19, XI, 4, 269℄ that f has at most two asymptoti values. The derivative of the
generating funtion f˜ of (zn) is given by f˜
′
= f˜ ·∑ 1
z−zn
and an elementary omputation
shows that f˜ and hene f has no ritial points outside a suiently wide horizontal
strip. So the set of ritial values of f is bounded, implying that every f belongs to the
Eremenko-Lyubih lass B.
It is now easy to show the following.
Proposition 4.2. Let f be a real sine-type funtion for whih all zeros are real. Then
there exists a sequene pn of polynomials suh that χdyn(pn, f)→ 0 when n→∞.
Proof. By a theorem of Laguerre [21, Chapter 8.51℄, all zeros of f
′
(z) are real and are
separated from eah other by the zeros of f . By basi alulus arguments, the generating
polynomials annot have free ritial values, and by [11, Theorem 2℄ eah singular value
of f is approximated by a sequene of singular values of the generating polynomials. Hene
the sets of singular values onverge in the Hausdor metri. 
Remark. Standard approximation methods in funtion theory do not relate to the sets
of singular values in a way that would enable us to onstrut a sequene of entire maps
that dynamially approximate a given funtion f in a nontrivial way. This leaves open an
interesting funtion-theoreti question.
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